Blokhuis et al. proved the Hilton-Milner theorem for vector space. In this paper, we prove the Hilton-Milner theorem for finite affine spaces.
Introduction
Let X be an n-element set and, for 0 ≤ k ≤ n, let X k denote the family of all k-subsets of X. A family F ⊆ X k is called intersecting if for all F 1 , F 2 ∈ F we have F 1 ∩ F 2 = ∅. For any family F ⊆ X k , the covering number τ ( F) is the minimum size of a set that meets all F ∈ F. Erdős, Ko and Rado [2] determined the maximum size of an intersecting family. Their conclusion also showed that if an intersecting family F ⊆ X k is of maximum size, then τ ( F) = 1. Hilton and Milner [8] determined the maximum size of an intersecting family F with τ ( F) ≥ 2. (ii) F = {F ∈ X 3 : |F ∩ S| ≥ 2} for some 3-subset S if k = 3.
Let V denote an n-dimensional vector space over the finite field F q and V k q denote the family of all k-dimensional subspaces of V . For n, k ∈ Z + , define the Gaussian binomial coefficient by
Note that the size of . From now on, we will omit the subscript q. Let A and B be any two subspaces of V , we say they intersect if dim(A ∩ B) ≥ 1. A family F ⊆ V k is called intersecting family if any two elements of F intersect. For any F ⊆ V k , the covering number τ ( F) is the minimum dimension of a subspace of V that intersects all elements of F. Blokhuis et al. [1] determined the maximum size of an intersecting family F with τ ( F) ≥ 2.
Theorem 1.2 ([1])
Let k ≥ 3 and either q ≥ 3 and n ≥ 2k + 1 or q = 2 and n ≥ 2k+2. Let V be an n-dimensional vector space over F q , then for any intersecting family F ⊆ V k with τ ( F) ≥ 2, we have
Equality holds only if
for some E ∈ with E ⊆ U .
(ii) F = {F ∈ V k : dim(F ∩ S) ≥ 2} for some S ∈ V 3 if k = 3. Furthermore, if k ≥ 4, then there exists an ǫ > 0 (independent of n, k, q) such that if
then F is a subfamily of an HM-type family.
Suppose that P is an k-dimensional subspace of F n q . A coset of F n q relative to an k-dimensional subspace P is called an k-flat. The dimension of an k-flat U + x is defined to be the dimension of the subspace U , denoted by dim(U + x). A flat F 1 is said to be incident with a flat F 2 , if F 1 contains or is contained in F 2 . The point set F n q with all the flats and the incidence relation among them defined above is said to be the n-dimensional affine space, denoted by AG(n, F q ). Denote by M(k, n) the set of all k-flats in AG(n, F q ). Denote by F 1 ∩ F 2 the intersection of the flats F 1 and F 2 , and by F 1 ∪ F 2 the minimum flat containing both F 1 and F 2 . We say
A family F ⊆ M(k, n) is called intersecting if any two elements of F intersect. For any F ⊆ M(k, n), the covering number τ ( F) is the minimum dimension of a flat of AG(n, F q ) that intersects all elements of F. Guo and Xu determined the maximum size of an intersecting family. The theorem above shows that F is maximum if τ ( F) = 1. In this paper, we determine the maximum size of an intersecting family
. . , T q k be all the k-subspaces of E ′ + U ′ not containing E ′ and t 1 , t 2 , . . . , t q k ∈ (E ∪ U ). We say that F is an HM-type family if
and denote its size f (n, k, q). Now assume k = 3 and U ∈ M(3, n) with
] be all 2-subspaces of U ′ and s 1 , . . . , s [
The main result is as follows. Theorem 1.4 Suppose k ≥ 3 and either q ≥ 3 and n ≥ 2k + 4 or q = 2 and n ≥ 2k + 5. Let F ⊆ M(k, n) be an intersecting family with τ ( F) ≥ 2. We have | F| ≤ f (n, k, q). Equality holds only if (i) F is an HM-type family.
(ii) F is an F 3 -type family if k = 3. This paper is organized as follows. In Section 2, we give some equalities and inequalities which are used to prove Theorem 1.4. In section 3, we prove Theorem 1.4 by divide it into two cases: τ ( F) = 2 and τ ( F) > 2.
Some lemmas
In this section, we shall give some equalities and inequalities which are used to prove Theorem 1.4. For any A ∈ AG(n, F q ) and
Let V be a space of dimension n+l over the finite field F q and W be a fixed l-subspace of V . Let N ′ (m 1 , k 1 ; m, k; n + l, n) be the number of subspaces of type (m, k) in V containing a given subspace of type (m 1 , k 1 ).
Lemma 2.2
The number of k-flats in AG(n, F q ) contained in a given m-flat, where
Lemma 2.3 The number of m-flats in AG(n, F q ) containing a given k-flat, where
(1)
Before we start to prove this lemma, we would like to show that
, which shows that F and U are intersect and F ∈ A, hence we have A = A ′ . Now we prove this lemma. It's easy to see that
with |B| = q k and |C| = n−1 k−1 by Lemma 2.3. We only need to determine the size of D.
Note that for any
by Lemma 2.1, hence we get the result of this lemma. ✷ Lemma 2.6 Let F is an F 3 -type family. Then | F| = (q 2 + q + 1)
and F (i) ∩ F (j) = {U } for any i = j. Then it's easy to see that the size of an F 3 -type family is equal to | 1≤i≤[
Let a ≥ 0 and n ≥ k ≥ a + 1 and q ≥ 2. Then
Proof. The inequality to be prove simplifies to
Proof. The first inequality follows from Lemma 2.3. Since q(q +1)
, the second inequality follow from Lemma 2.7. ✷ Lemma 2.9 Let F ⊆ M(k, n) be an intersecting family. Suppose that there exist an s-flat S and an F 0 ∈ F such that S and F 0 are not intersect.
Moreover, we always have
Note that the number of T is at most
and there must exists a T 0 such that In this section we prove Theorem 1.4. Let V be a n-space over F q and denote M(k, n) be the set of all k-flats contained in V .
The case τ ( F) = 2
For F ⊆ M(k, n), denote T F be the family of 2-flats of V that intersect all elements of F. We will omit the subscript F.
In order to show that | F| ≤ f (n, k, q) holds for any F ⊆ M(k, n) with τ ( F) = 2, we only need to prove the inequality holds for any F ⊆ M(k, n) where F is a maximal intersecting family. Let F ⊆ M(k, n) be a maximal intersecting family with τ ( F) = 2. By maximality, F must contain all k-flats containing any fixed T ∈ T. Since n ≥ 2k + 4 and k ≥ 3, for any 2-flat T 0 not intersect T , there must be a k-flat F ∈ F with T ⊆ F and F does not intersect T 0 . Then we have T 0 / ∈ T, which shows that T is an intersecting family. We divide these intersecting family into three cases:
• T is an intersecting family with τ ( T) = 1.
• T is an intersecting family with τ ( T) = 2.
Proof. Let T denote the only element of T, then we have
and the number of E is q(q + 1) by Lemma 2.2. In order to get the inequality, we only need to give an upper bound for every | F E \ F T |.
Since τ ( F) = 2, then for any 1-flat E ⊆ T , there must be an F E ∈ F such that E and F E are not intersect. It's obvious that dim(F E ∩ T ) = 1 and (F E ∩ T ) = E, then we must have
For any F ∈ F E \ F T , since F and F E are intersect, there must exist an S ∈ M(2, n) satisfying E ⊆ S ⊆ (E ∪ F E ) such that F ∈ F S . Note that S = T , which shows that S does not intersect all elements of F. Then the number of S is at most 
Let E = E ′ + e and F E = F ′ + f , we have E ∩ F E = ∅ and dim(E ′ ∩ F ′ ) = 0 by Lemma 2.4, which shows that for any 1-flat E 1 ⊆ F E , dim(E ∪ E 1 ) = 3. Then for any F ∈ F E \ F T , there must be an S ∈ M(3, n) satisfying E ⊆ S ⊆ (E ∪ F E ) such that F ∈ F S . Note that T ⊆ S, then the number of S is at most k+2−1
k−3 holds for any S by Lemma 2.3. In this case, we have
. Together with case.1, we have
by Lemma 2.3. ✷ Lemma 3.2 Let F ⊆ M(k, n) be an intersecting family with τ ( F) = 2. If T is an intersecting family with τ ( T) = 1, then
with 2 ≤ m ≤ n. When m = 2, the upper bound can be strengthened to
When m = k, we have | F| ≤ f (n, k, q) and equality holds if and only if F is an HM-type family.
Proof. Since τ ( T) = 1, we can assume that T = {T 1 , . . . , T l } and E ⊆ T i for any 1 ≤ i ≤ l where E ∈ M(1, n). Let M 0 = 1≤i≤l T i be an (m + 1)-flat, we have m ≥ 2. We can find
We divide our proof into two cases. Case.1:
We can assume that E ∩ F = {e}, then we have F = F ′ + e, dim(E ′ ∩ F ′ ) = 0 and E ∪ F is a k + 1-flat. Let E 1 = E ′ 1 + e 1 where E ′ 1 ⊆ F ′ and e 1 ∈ F , we have dim(E ′ ∩E ′ 1 ) = 0. Together with E ∪E 1 = T 1 where T 1 ∈ M(2, n), we get E ∩E 1 = ∅ by Lemma 2.4, which implies that E ∩ ( 1≤i≤l E i ) = ∅. Let 1≤i≤l E i = H + e 1 where H is a subspace of V , we have H ⊆ F ′ and dim(E ′ ∩ H) = 0. Note that E ∪ ( 1≤i≤l E i ) = M 0 is a m + 1-flat, we get dim( 1≤i≤l E i ) = m by Lemma 2.4, which shows that F intersect M 0 in an m-flat.
Case.2: F ∩ E = ∅. We can assume E 1 = E ′ 1 + e 1 and 1≤i≤l E i = H + e 1 where e 1 ∈ E 1 and E ′ 1 and H are subspaces of V . Note that E ∩ E 1 = ∅ and E ∪ E 1 = T 1 is a 2-flat, we have E ′ = E ′ 1 , which shows that E ′ ⊆ H ⊆ F ′ . Together with E∩( 1≤i≤l E i ) = E∩F = ∅, we have dim(E ∪F ) = k +1 and dim( 1≤i≤l E i ) = m, which implies that F intersect M 0 in an m-flat.
So in both cases, we have (E∪F ) ∈ M(k+1, n) and dim(F ∩M 0 ) ≥ m, which also implies that m ≤ k. In order to get the upper bound, we pick a fixed F 0 ∈ F \ F E , then we have
For any F ∈ F E , since F and F 0 are intersect, we can find an 2-flat S satisfying 
by Lemma 2.3. Hence we get the upper bound. Let m = 2, for any F ∈ F \ F E , F ∩ M 0 is a 2-flat and not containing E, which implies that (
k−3 by Lemma 2.9. Hence we get the upper bound when m = 2.
Let m = k, we only need to prove that | F| ≤ f (n, k, q) and equality holds if and only if F is an HM-type family. We divide the discussion into two cases.
Case.1:
Note that for any F i , F j ∈ F \ F E , F i and F j are intersect if and only if F ′ i = F ′ j . Since F \ F E is an intersecting family, we must have l ≤ q k . Together with the upper bound of F E , we have | F| ≤ f (n, k, q). Note that F is actually a subfamily of an HM-type family in this case, we only need to show that an HM-type family is an intersecting family and its covering number is 2.
Let E ∈ M(1, n) and U ∈ M(k, n) with E = E ′ +x, U = U ′ +x and dim(E∩U ) = 0. We have E ∪ U = (E ′ + U ′ ) + x. Let T 1 , T 2 , . . . , T q k be all the k-subspaces of E ′ + U ′ not containing E ′ and t 1 , t 2 , . . . , t q k ∈ (E ∪ U ). Let F be an HM-type family with
For any fixed 2-flat S with E ⊆ S ⊆ (E ∪ U ) and any 1 ≤ i ≤ q k , we have S = S ′ + x where S ′ is a 2-subspace of E ′ + U ′ . Note that S ′ ⊆ T i , we have dim(S ′ ∩ T i ) = 1 and S ′ + T i = E ′ + U ′ , which implies that S and T i + t i are intersect. It's easy to see that F is an intersecting family and τ ( F) = 2 since S is a flat that intersect all elements of F. Case.2: There exists an
From the prove above, we still have (E ∪ F 0 ) ∈ M(k + 1, n), which implies that
0 and let S = S ′ + e, then S is a 2-flat contained in E ∪ F 0 and S ∩ F 0 = ∅ since E ∩ F 0 = ∅. Note that F 0 ∈ F and F is an intersecting family, we have
It's obvious that F ∈ F ′ if and only if F = F ′ + e where
holds for any k ≥ 3 and q ≥ 2, which shows that | F| < f (n, k, q). ✷ Lemma 3.3 Let F ⊆ M(n, 0; n + l, n) be an intersecting family with τ ( F) = 2. If T is an intersecting family with τ ( T) = 2, then
− q 2 − q and equality holds if and only if F is an F 3 -type family.
Proof. Take A, B ∈ T. Denote E = A ∩ B and D = A ∪ B, we have dim(D) = 3. Since τ ( T) = 2, there must be an C ∈ T such that E ⊆ C. Since T is an intersecting family, let C 1 = C ∩A and C 2 = C ∩B, we have C 1 = C 2 . Note that C 1 , C 2 ∈ M(1, n) and C ∈ M(2, n), we have C = (C 1 ∪C 2 ) and C ⊆ (A∪B) and E ∪C = A∪B, which shows that for any T ∈ T with E ⊆ T , T ⊆ A ∪ B. For any T ∈ T with E ⊆ T , let T 1 = C ∩ T , we have T 1 = E, which shows that T = (E ∪ T 1 ) ⊆ (E ∪ C) = D. So T is a family of some 2-flats contained in a fixed D ∈ M(3, n).
For any F ∈ F E , let
For any F ∈ F \ F E , let F 1 = F ∩ A and F 2 = F ∩ B, then F 1 and F 2 are both 1-flats contained in D and
Note that for any 2-flats
by Lemma 2.3. Suppose k = 3, we consider two cases.
Since F is maximum, we must have
In this case, we have
Since T is an intersect family containing several 2-flats contained in D ∈ M(3, n), we have | T| ≤ 1 ] are some fixed points in D, which implies that F is an F 3 -type family. It's easy to see that an F 3 -type family is an intersecting family with its covering number is 2, we prove the condition when equality holds.
Case.2: There exists some
which is an contradiction. Hence we have
2 and t 2 ∈ D. It's obvious that T 1 + t 1 and T 2 + t 2 are neither intersect nor equal, hence we have (T 1 + t 1 ) ∪ (T 2 + t 2 ) = D, which implies that T 1 = T 2 and (T 1 + t 1 ) ∩ (T 2 + t 2 ) = ∅ by Lemma 2.4. Note that F 1 and F 2 are intersect, we must have F 1 ∩ F 2 = T 1 + t 0 for some t 0 ∈ F 1 ∩ F 2 and dim(F 1 ∪ F 2 ) = 4. Also it's obvious that (
Now we give an upper bound of | F|. For any
1 . According to the discussion above, there exist
and F ∩ F 2 = T + t 4 with T + t 3 = T + t 4 , which implies that (T + t 3 ) ∩ (T + t 4 ) = ∅. Hence we have F = (T + t 3 ) ∪ (T + t 4 ) ⊆ F 1 ∪ F 2 . That shows that for any F ∈ F such that F ∩ D ∈ T with F = F ′ + f , there exist an T ∈ T ′ 1 and a fixed W T ∈ M(4, n) such that F ∈ {F ⊆ W T : T ⊆ F ′ }. Note that the size of an maximum intersect subfamily of {F ⊆ W T : T ⊆ F ′ } is equal to n−2 k−2 , it's obvious that | F| < f (n, k, q) for any k ≥ 4. When k = 3, we have | F| ≤ f (n, 3, q) and equality holds if and only if F is an F 3 -type family by Lemma 3.3. ✷ 3.2 The case τ ( F) = t > 2 Proposition 3.5 Suppose k ≥ 3 and either q ≥ 3 and n ≥ 2k + 4 or q = 2 and n ≥ 2k + 5. Let F ⊆ M(k, n) be a intersecting family with τ (F) = t > 2. We have | F| < f (n, k, q).
Proof. We always have t ≤ k. Since τ ( F) = t, we have a t-flat T intersecting each element in F. Then we have ((q−1)q r ) t−2 k 1 n−2 k−2 . In order to prove | F| < f (n, k, q), we only need to prove 1 − 1 (q 2 − 1)q r ≥ q t−1 (q t − 1) (q − 1) t−1 q r(t−2)
by Lemma 2.8. ✷
Together with Proposition 3.4, we prove Theorem 1.4.
